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Abstract. 
Using the notions of the genera and the reduction exponents of ideals, we study conditions 
under which the associated graded ring G(I) = a,20 Z”/I”” of an m-primary ideal I of a given 
singularity is Cohen-Macaulay or Gorenstein. Especially, for curve and surface singularities of 
rational or elliptic type, we determine the ideals I for which G(I) are Cohen-Macaulay or 
Gorenstein. 
0. Introduction, notations and preliminaries 
Let (R, m, k) be a noetherian local ring and I an m-primary ideal of R. Then the 
graded ring G(Z) = OnzO I”/I”+’ IS called the associated graded ring or the tangent 
cone of I, and is very important in commutative algebra, algebraic geometry 
and singularity theory. Various conditions under which G(1) is Cohen-Macaulay 
or Gorenstein are studied by many authors. The aim of this paper which is a continua- 
tion of my papers [14, 15, 17-191 is to study the above problem by using 
the numerical invariants of the ideal I such as the genera and the reduction exponent 
of I. 
In this section we collect some definitions and results concerning reductions and 
Hilbert functions which are used throughout this paper. In Section 1, we give some 
general criteria for Cohen-Macaulay or Gorenstein property of tangent cones valid in 
all dimensions in terms of various genera of ideals. In Sections 2 and 3, we examine the 
tangent cones of curve and surface singularities in detail. Especially, in the cases where 
R is a curve and surface singularity of rational or elliptic type, we determine (integrally 
closed) ideals I for which G(1) are Cohen-Macaulay or Gorenstein. 
Throughout this paper, (R, m, k) stands for a d-dimensional Cohen-Macaulay local 
ring with infinite residue field, and I is an m-primary ideal of R. The integral closure 
fof Z is the ideal of R defined by 
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We say that I is integral/y closed (resp. normal) if I= I (resp. I” is integrally closed for 
all n). An ideal J is a reduction of I if J c Z and d = c in other words, JZ” = I”+’ for 
some n (cf. [12]). The reduction exponent 6(Z) of Z is the smallest non-negative integer 
n such that JZ” = In+’ for some parameter ideal J c I. If 6(Z) I 1, we say that Z is 
stable (see [14, Theorem 4.31 and [15, Theorem 3.31 for equivalent conditions). If Z is 
stable, then G(Z) is Cohen-Macaulay (cf. [26, Theorem 11). 
The Hilbert series F(G(Z), t) of G(Z) is defined by 
F(G(Z),t) = ~nzOl(Z”/Z”+l)t”, 
where I(M) denotes the length of the R-module M. Then, as is well-known, we have 
(1 - t)dF(G(Z),t) = a0 + alt + ... + a$, 
with integers ui (0 I i < s) such that u, # 0 (e.g., [14, Proposition 1.1, Example 1.51). If 
G(Z) is Cohen-Macaulay, then we have s = 6(Z) (e.g., [14, Proposition 1.1, Corollary 
2.23 and [16, Theorem 5.11). 
Lemma 0.1. Let J c Z be m-primary ideals of R and assume that J is a reduction of I. Zf 
G(J) is Cohen-Macaulay and 6(Z) is independent of a choice of miminal reduction of I, 
then we have 6(J) I 6(Z). 
Proof. Put 6(Z) = n and let K be a minimal reduction of I. Then by the hypothesis we 
have KZ” = I’+‘. Since J”+’ c I”+’ c K and G(Z) is Cohen-Macaulay, we have 
KJ”= K n Jntl = J”+l. Therefore 6(Z) I n. 0 
Example 0.2. If depth(G(Z)) 2 dim(R) - 1, then 6(Z) is independent of a choice of 
minimal reductions of Z (cf. [3, Theorem 2.11). This applies, in particular, in the 
following cases: 
(1) G(Z) is Cohen-Macaulay, 
(2) dim(R) = 1, 
(3) dim(R) = 2, Z = m and m is normal. 
In fact, the cases (1) and (2) are obvious. As for (3), under the hypothesis, we get 
(m”+‘: m) = m” for any n, which implies that depth(G(m)) 2 1. 
We define the A-genus gd(Z) of Z by 
gd(Z) = e(Z) + (d - l)l(R/Z) - l(Z/Z’). 
Then we have gd(Z) 2 0, and gd(Z) = 0 if and only Z is stable (cf. [26, Lemma 11). We 
put g,(m) = gd(R). 
In the rest of this section, we assume that R is analytically unramified, namely, the 
completion R” of R is reduced, and that d 2 1. Then there are uniquely determined 
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,(R,,i)=~~(“:“)-~~(~~~~l)+ ... +(-l)ded, 
for sufficiently large n (e.g., [14, Theorem 1.3(2)]). We define the sectional genus gs(Z) 
and the normal sectional genus &(I) of I by 
g,(Z) = cl(Z) - e(Z) + QRIZ) 
and 
integers ei = ei(Z), 2, = ei(Z) (0 5 i I d) such that 
/(R/z’+ ‘) = “o(“:d)-c1(‘;“r’)+ “’ +(--l)ded, 
and 
&(I) = el(Z) - e(Z) + [(R/I) 
respectively. We also put gS(m) = g,(R) and &(m) = g,(R). Then g,(Z) is a non-negative 
integer, and gS(Z) = 0 if and only if Z is stable (cf. [15, Theorem 3.31). 
Example 0.3. (1) Assume that d = 1, and put B(Z) = U,zO(Zn:Z”), the$first neighbour- 
hood ring of R along I, and Z? = the integral closure of R. Then we have 
e,(Z) = @(Z)IR). sS(Z) = l(ZB(Z)lZ), C,(Z) = l(R/R), and &(I) = l(ZR/Z) (cf. [14, 
Theorems 5.1(3) and 5.4(2)]). 
(2) Assume that d = 2. Then we define the normal genus g(Z) and the normal 
arithmetic genus Pa(Z) of Z by g(Z) = C2(Z) and Pa(Z) = g(Z) - g,(Z) respectively (cf. [14, 
151). If we put Y = Proj(@,z, I”), the normalized blowing-up of R along I, then we 
have g(Z) = l(H’( Y, 0,)) (cf. [14, Theorem 3.1(2)]). If J is a minimal reduction of Z and 
__ _ 
we put G’, = l(Z”+ ‘/JZn), then we have 
G(Z) = C,> 1 nv,, 
&CO = I,> 1 u,, 
and 
Pa(Z) = Cn22 (n - l)u, 
(cf. [4, Remarks 4.2 and 4.33). 
Finally, the embedding dimension emb(R) of R is defined by emb(R) = dim,(m/m2). 
1. General theorems 
First we state some basic results on the normal sectional genera due to Itoh in the 
forms which are convenient for us (cf. [S, 61). 
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Theorem 1.1 (Itoh). Assume that R is analytically unramijied and I is integrally closed. 
Then 
(1) In general, we have g,(Z) 2 gd(Z) 2 0. 
(2) SJZ) = 0 if and only ij” I is stable and normal. 
(3) SS(Z) = gd(Z) ifand only ifs(Z) I 2 and I is normal. Moreover, in this case G(Z) is 
Cohen-Macaulay. 
Proof. First we consider the case d = 1. (2) follows from [17, Proposition 3.1(2)]. (1) 
and (3): since g4(Z) s gS(Z) I g,(Z) and &(Z) - g,(Z) = Z(R/B(Z)), we get the inequality 
in (1) and the condition &(Z) = gd(Z) is equivalent to the conditions R = B(Z) and 
gS(Z) = gd(Z), i.e., R = B(Z) and 6(Z) 2 2 by [17, Proposition 3.11. Hence, as in [17, 
Lemma 5.11, this is equivalent to the fact that S(Z) I 2 and Z is normal. Finally, since 
Z is either stable or normal, G(Z) is CohenMacaulay (cf. [17, Lemma 5.11). 
Next we assume that d 2 2 and let J be a minimal reduction of I. (1): by 
[6, Theorem 21, SS(Z) 2 Z(Z’/JZ) 2 Z(Z’/JZ) = gd(Z). (2) follows from [6, Corollary 61. 
(3): &(Z) = gd(Z) if and only if SS(Z) = 1(Z2/JZ) and Z2 is integrally closed. By 
[6, Theorem 21, the first equality holds if and only if Zn+2 = J”Z2 for any n 2 0, and 
when I2 is integrally closed this is equivalent to the condition that 6(Z) I 2 and I is 
normal. The last assertion follows from [S, Proposition 31. 0 
Example 1.2. (1) For the examples of ideals satisfying the condition g,(R) = 0, see 
[17, Theorems 3.3 and 3.53 (curve singularities) and [14, Corollary 6.31 and [15, 
Corollary 3.131 (surface singularities). 
(2) For any integers r and e satisfying 1 I r 5 f(e - l), the ring 
R = k[[te,te+‘, . ,tze-*-I]] 
satisfies the condition g,(R) = gd(R) = r. Moreover, R is Gorenstein if and only if 
r = 1. 
Corollary 1.3. IfI is integrally closed and &(Z) I 1, then G(Z) is Cohen-Macaulay. 0 
Corollary 1.4. If g,(R) = 1, then either emb(R) = e(R) + d - 1 or emb(R) = 
e(R) + d - 2 and TTI is normal. 
Proof. Assume that emb(R) # e(R) + d - 1. Then 1 I gd(R) I g,(R) = 1 and we 
get g,(R) = gd(R) = 1. Hence emb(R) = e(R) + d - 2 and m is normal by 
Theorem 1.1. 0 
Now we consider the Gorenstein property of the graded ring G(Z). Put 
(1 - t)dF(G(Z), t) = a0 + aIt + ... + a#, with a, # 0. 
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We say that the graded ring G(Z) is symmetric (in the sense of Hilbert series) if ai = aSmi 
(0 I i I s). To determine the Gorenstein property of G(Z), we have the following 
useful criterion: 
Theorem 1.5. (cf. [20, Theorem 1.61). Assume that R is Gorenstein. Then G(Z) is 
Gorenstein if and only if G(I) is Cohen-Macaulay and symmetric. 0 
In the case where G(Z) is Cohen-Macaulay but is not necessarily Gorenstein, we 
have the following weaker relations among Ui, 0 I i I s: 
Proposition 1.6. Assume that R is Gorenstein, and put 
(1 - t)dF’(G(I),t) = a0 + aIt + ... + asts, a, #O. 
If G(Z) is Cohen-Macaulay , then we have 
a0 + a, + ... +42&+a,-,+ ... +a,_i, O<i<s. 
Proof. Let J be a minimal reduction of I. Replacing R and I by R/J and 11 J, we may 
assume that d = 0. 
Then 
G(I) = R/I @ I/I2 @ ... @ Is/ls+l, Is+’ = 0 
and 
Ui = l(Z’/l’+‘), 0 5 i I S. 
Hence 
a0 + aI + ... + ai = l(R/I’+‘) = /((R/Z’+‘)*) 
= I(ann(Z’+ ‘)) 2 1(1”-‘) 
= a, + a,_, + ... + a,_i. 0 
Remark. Assume that R is Gorenstein and G(m) is a Cohen-Macaulay integral 
domain. Then by [25, Theorem 2.11, we have 
a0 +a, + ... +&<&+a,_,+ ... +U,_i, Oli<S. 
Hence, together with above proposition, G(m) is symmetric, namely, G(m) is Goren- 
stein by Theorem 1.5. This is a special case of [2, Proposition 1.11. 
Corollary 1.7. (cf. [19, Theorem 2.11). Assume that R is a Gorenstein and I is stable. 
Then 
(1) e(Z) I 21(R/Z). 
(2) G(I) is Gorenstein if and only if either I is a parameter ideal or 
e(Z) = 21(R/Z). 0 
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Corollary 1.8. Assume that R is Gorenstein, G(Z) is Cohen-Macaulay, and 6(Z) = 2. 
Then 
(1) In general we have gd(Z) 5 l(R/Z). 
(2) G(Z) is Gorenstein if and only if ggd(Z) = l(R/Z). 
Proof. By the assumption, we can put 
(1 - t)dF(G(Z), t) = a0 + aIt + azt2. 
Then we have 
a0 = URIZ), a, = 1(Z/Z2) - dl(R/Z), 
and 
a2 = e(Z) - (a0 + aI) 
= e(Z) + (d - l)I(R/Z) - /(Z/Z’) 
= g‘l(Z). 
Hence by Proposition 1.6, we have gd(Z) = a, I a o = l(R/Z). On the other hand, by 
Theorem 1.5, G(Z) is Gorenstein if and only if G(Z) is symmetric, i.e., a0 = a,. 0 
Theorem 1.9. Assume that R is Gorenstein, Z is integrally closed and gS(Z) = 1. Then the 
following conditions are equivalent: 
(1) G(Z) is Gorenstein. 
(2) Either Z = m or Z is stable and e(Z) = 21(R/Z). 
Proof. First we notice that Z is not a parameter ideal. In fact, if Z is a parameter ideal, 
then R is a regular local ring and Z is normal by [l, Theorem 1.11. Hence we get 
&(Z) = gs(Z) = 0, which contradicts our hypothesis. (1) * (2): if Z is not stable, 
1 I gd(Z) I &(Z) = 1, and we get gd(Z) = &(I) = 1. Thus 6(Z) = 2 by Theorem 1.1, 
and l(R/Z) = gn(Z) = 1 by Corollary 1.8. Hence Z = m. (2) + (1): if Z is stable, the 
assertion follows from Corollary 1.7. If Z = m, then gd(R) I g,(R) = 1, and G(m) is 
Gorenstein by [23, Theorem 11. 0 
Proposition 1.10. !f R is Gorenstein and g,(R) I 2, then G(m) is Gorenstein. 
Proof. Since g,(R) I g,(R) I 2, and g,(R) # 2 (cf. 115, Theorem 3.6(3)1), we get 
g,(R) I 1. Hence G(m) is Gorenstein by [15, Theorem 3.61. 0 
2. Curve singularities 
In this section we consider the tangent cones of curve singularities. Throughout this 
section, let R be a one-dimensional analytically unramified noetherian local ring and 
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R its integral closure. We say that R is an Ar-ring if any integrally closed m-primary 
ideal of R is stable. If R is an Arf ring, then emb(R) = e(R). Moreover, for the ring 
R being an Arf ring, it is necessary and sufficient that the local ring S of any infinitely 
near point of R satisfies the equality emb(S) = e(S) (cf. [9]). 
Example 2.1. (1) Any seminormal ring is an Arf ring (cf. [17, Corollary 3.41). Hence 
the ordinary singularities of curves are Arf rings. 
(2) Let H be a numerical semigroup of non-negative integers. Then the ring k [ [H]] 
is an Arf ring if and only if H satisfies the following condition: 
if a, b, n E H, n<a<b<c(H),thena+b-nEH, 
where c(H) = min{n E H) n + N c H}, the conductor of H. For example, if 2 2 e < c 
and put 
H = eN u (c + N) = (0, e,2e, . . . ,c,c + 1, c + 2, . . . } . 
Then k[ [H]] is an Arf ring. In fact, if a, b, n E H, n < a I b < c(H), then n = ie, b = je, 
a=ke,i<j<kandwehavea+b-n=(i+j-k)eEeiVcH. 
(3) R is a Gorenstein Arf ring if and only if R is a discrete valuation ring or e(R) = 2. 
Moreover, in this case, any m-primary ideal of R is stable. 
First we characterize m-primary ideals in Arf rings with Cohen-Macaulay or 
Gorenstein associated graded rings. 
Proposition 2.2. Assume that R is an Arf ring. Then G(Z) is Cohen-Macaulay ifand only 
if I is stable. 
Proof. The “if” part follows from [26, Theorem 11. The “only if” part: Since lis stable 
and G(I) is Cohen-Macaulay by the assumption, I is also stable by Lemma 0.1. 0 
Proposition 2.3. Assume that e(R) = 2 and I is not a principal ideal. Then G(I) is 
Gorenstein if and only e(Z) = 21(R/I). M oreover if these conditions are satisfied, I is 
integrally closed. 
Proof. Since I is stable, G(Z) is Cohen-Macaulay and the equivalence follows from 
Proposition 1.7. As for the last assertion, since I and rare stable, we have 
21(R/I) I 21(R/I) = e(Z) = e(l) I 21(R/I). 
Hence l(R/I) = l(R/I) and we get I= I. 0 
Example 2.4. If R is the monomial curve singularity k [ [t2, t2r+ ‘11, we can determine 
explicitly the ideals satisfying the condition in Proposition 2.3, namely, G(Z) is 
Gorenstein if and only if I is either m, (t2r, t2*+ ‘), or a principal ideal. For example, if 
R = k [ [t’, t5]] and I = (t4, t’), then G(1) is Gorenstein. (Note that the assertions in 
[13, Example 3.41 are wrong.) 
196 A. O&hi/ Journal of Pure and Applied Algebra 95 (1994) 189-201 
We can give a characterization of the conductor C = (R: R) of the Gorenstein 
curve singularity in terms of its tangent cone. 
Proposition 2.5. Assume that R is Gorenstein and is not a discrete valuation ring. For an 
m-primary ideal I of R, the following conditions are equivalent: 
(1) I is stable, normal and G(Z) is Gorenstein. 
(2) I = c. 
Proof. That (2) implies (1) follows from [19, Proposition 3.33. (1) => (2): Since 
0 = g,(Z) = l(ZR/I), Il? = I and we have I c (R:R) = C. On the other hand, since 
e(Z) = 21(R,iZ) by Corollary 1.7, we have 
0 = ?js(l) = l(R/R) - e(Z) + l(R/Z) 
= l(R/C) - l(R/I). 
Hence l(R/C) = l(R/I) and we get I = C. 0 
Now we consider the cases of curve singularities with g,(R) = 0 or 1. For the 
properties and structures of these singularities, see [17]. In particular, if g,(R) = 0, 
then R is an Arf ring and Propositions 2.2 and 2.3 apply. In fact, in this case, there are 
only trivial ideals with Gorenstein tangent cones: 
Proposition 2.6. Assume that R is not a discrete valuation ring. Then the following 
conditions are equivalent: 
(1) R is Gorenstein and g,(R) = 0. 
(2) e(R) = 2 and m is normal. 
(3) G(I) is Gorenstein if and only tfl = m or I is a principal ideal. 
Proof. The equivalence of (1) and (2) follows from [ 17, Theorem 3.31. The implication 
(3) => (2) follows from the proof in [19, Example 3.61. (2) * (3): If G(1) is Gorenstein 
and I is not a principal ideal, then I is integrally closed by Proposition 2.3. Hence the 
assertion follows from the proof in [19, Example 3.61. 0 
If R is not a discrete valuation ring, and the residue field k is algebraically closed 
and is contained in R, then it is easy to see that R satisfies the conditions in 
Proposition 2.6 if and only if it is a node R” z k[ [X, Y]]/(X Y) or a simple cusp 
R” r k[[X, Y]]/(Y’ - X3) (cf. [14, Example 5.8(l)]). 
Next, for the curve singularities with g,(R) = 1, the ideals with Cohen-Macaulay or 
Gorenstein tangent cones are characterized in the following theorems. 
Proposition 2.7. Assume that &(R) = 1. Then 
(1) (cf. [17, Theorem 4.11). Either emb(R) = e(R) or emb(R) = e(R) - 1 and m is 
normal. 
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(2) For any integrally closed m-primary ideal I, either 6(Z) = 1 or 6(I) = 2 and I is 
normal. Moreover, the ring G(I) is Cohen-Macaulay. 
Proof. (1) If emb(R) #e(R), then 1 I gd(R) I g,(R) = 1 and we have 
g,(R) = gd(R) = 1. Hence emb(R) = e(R) - 1 and by Theorem 1.1 m is normal. (2) 
follows from the inequality &(I) I g,(R) = 1 and Theorem 1.1. 0 
Example 2.8. We give examples of curve singularities with g,(R) = 1. For any integer 
e 2 3, put 
RI = k[[te,te+l, . ,t”~‘]] 
R, = k[[te,te+‘, . , t2eP1, t2e+‘]]. 
Then we have g,(R,) = gS(R2) = 1. The ring R, is Gorenstein, while R2 is not 
Gorenstein. 
Theorem 2.9. Assume that R is Gorenstein and g,(R) = 1. Let I be an integrally closed 
m-primary ideal I of R. Then: 
(1) Assume that e(R) = 2. Then G(Z) is Gorenstein if and only if I = m or I = C. 
(2) Assume that e(R) 2 3. Then G(I) is Gorenstein ifand only if I = m or I = C or I is 
stable and satisjies l(R/I) = e(R) - 1. 
Proof. (1) We have only to show the “only if’ part. We have &(I) < g,(R) = 1. If 
&(I) = 0, then I = C by Proposition 2.5. If &(Z) = 1, then by Theorem 1.9, either 
I = m or e(l) = 21(R/I). In the latter case, we have 
1 = SS(Z) = l(R/R) - e(Z) + l(R/I) 
= 2 - l(R/I). 
Hence l(R/I) = 1 and we get I = m. 
(2) “If’ If I = m or I = C, the assertion is easy. Assume that I is stable and 
l(R/I) = e(R) - 1. Then 
1 = g,(R) 2 as(l) 
= l(R/R) - e(Z) + l(R/Z) 
= e(R) - e(L) + l(R/Z) 
= l(R/I) + 1 - e(1) + l(R/Z). 
Hence we get e(l) 2 21(R/I). Therefore by Corollary 1.7, G(Z) is Gorenstein. “Only if’ 
If SS(l) = 0, then I = C by Proposition 2.5. If&(Z) = 1, then by Theorem 1.9, either 
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I = m or I is stable and e(Z) = 21(R/I). In the latter case, we have 
1 = &(Z) = /(R/R) - e(Z) + /(R/Z) 
= e(R) - e(Z) + 1(R/Z) 
= e(R) - 1(R/Z). 
Hence we get /(R/Z) = e(R) - 1. 0 
Example 2.10. As an example satisfying the condition (2) in Theorem 2.9, put 
R = k[[f,f+‘, . . . ,t 2’-2]], e 2 3. Then the integrally closed m-primary ideals Z of 
R such that G(Z) is Gorenstein are m, (tZee2, t2e, t2et1, . . . , t3em3) and 
(t2e,P+l, . . . ,t 3ep3) (cf. [19, Example 3.53). 
3. Surface singularities 
In this section, we examine tangent cones of surface singularities. Throughout this 
section, R stands for a two-dimensional analytically unramified noetherian normal 
local domain. Recall that for any m-primary ideal Z of R, if we put Y = Proj (@,,> 0 Z’), 
then we have g(Z) = Z(H’( Y, 0,)) (see Example 0.3(2)) We define the geometric genus 
P,(R) of R by 
p,(R) = sup{g(Z) 1 Z is an m-primary ideal of R} . 
If R is analytically normal, then the desingularization X -+ Spec(R) of Spec(R) exists 
by Lipman [l l] and we have p,(R) = 1(H’(X, 0,)) (cf. [18, p. 13731). Since 
p,(R) 2 g(m) 2 Z(m2/.Zm) 2 Z(m2/.Zm) for any minimal reduction J of m (cf. Example 
0.3(2)), we have the inequality 
p,(R) 2 e(R) - emb(R) + 1, 
and if R is a hypersurface, we get 
P,(R) 2 t(e(R) - l)(e(R) - 2) 
by [15, Theorem 3.4(6)]. We have p,(R) = 0 if and only if any integrally closed 
m-primary ideal of R is stable and normal (cf. [14, Corollary 6.31). In this case we say 
that R is pseudo-rational. Any two-dimensional regular local ring is pseudo-rational 
(cf. [2 13 ). 
Theorem 3.1. Assume that R is a pseudo-rational. Then 
(1) (cJ: [24, Corollary 4(f)] and [7, Theorem 4.11). G(Z) is Cohen-Macaulay if and 
only ifZ is stable. 
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(2) Assume that R is Gorenstein (in particular, e(R) 5 2) and I is not a parameter 
ideal. Then the following conditions are equivalent: 
(a) G(Z) is Gorenstein. 
(b) I is stable and e(Z) = 21(R/Z). 
(c) Z is integrally closed (resp. normal) and e(Z) = 21(R/Z). 
Proof. The proof of (1) is the same as that of Proposition 2.2. (2) The equivalence of (a) 
and (b) follows from Corollary 1.3. The assertion (c) = (b) is trivial. The assertion 
(b) + (c) is similarly proved as in Proposition 2.3. 0 
Corollary 3.2 [7, Theorem 4.11. Assume that R is a regular local ring. Then G(Z) is 
Gorenstein if and only if Z is a parameter ideal. 
Proof. We have only to show the “only if’ part. Assume that G(Z) is Gorenstein and 
Z is not a parameter ideal. Then Z is integrally closed and e(Z) = 21(R/Z). But this 
contradicts the fact that if Z is integrally closed, we have e(Z) < 2l(R/Z) (cf. [21, 
Theorem 3.4 and [7, Proof of Theorem 4.11). 0 
Corollary 3.3. Let R be a pseudo-rational double point, and let Z and J be m-primary 
ideals of R which are not parameter ideals. Zf G(Z) and G(J) are Gorenstein, then G(ZJ) is 
also Gorenstein. The converse holds lfZ and J are integrally closed. 
Proof. By Theorem 3.1, we may assume that Z and J are integrally closed. Since R is 
pseudo-rational, ZJ is also integrally closed (cf. [ 10, Theorem 7.11). Therefore I, J, and 
ZJ are stable, and G(Z), G(J) and G(ZJ) are Cohen-Macaulay. By [21, Theorem 2.71, if 
we put 19(z) = 21(R/?) - e(Z), then we have O(ZJ) = 8(Z) + e(J). Hence our assertion 
follows from Proposition 1.3. 0 
Corollary 3.4. Let R be a pseudo-rational double point, and let Z be an integrally closed 
m-primary ideal of R. Then the following conditions are equivalent: 
(1) G(Z) is Gorenstein. 
(2) G(Z”) is Gorenstein for any n. 
(3) G(Z”) is Gorenstein for some n. 
We say that R is elliptic if p,(R) = 1. A Gorenstein elliptic singularity is called 
a minimally elliptic singularity (cf. [S]). 
Theorem 3.5. Assume that R is elliptic and Z is integrally closed. Then 
(1) (cf. [18, Theorem 43) G(Z) is Cohen-Macaulay, and either Z is stable or 6(Z) = 2 
and Z is normal. 
(2) Zf R is Gorenstein, then G(Z) is Gorenstein zfand only if either Z = m or Z is stable 
and e(Z) = 21(R/Z). Moreover, in the latter case, G(Z”) is Gorenstein for all n. 
200 A. Ooishii Journal qf Pure and Applied Algebra 95 (1994) 189-201 
Proof. (1) follows from the inequality gs(Z) I g(Z) I p,(R) = 1 and Theorem 1.1. 
(2) Since R is not a regular local ring, I is not a parameter ideal. We have 
&(Z) I g(Z) I p,(R) = 1. If g,(Z) = 0, then I is stable and our assertion follows from 
Proposition 1.6. If g,(Z) = 1, the assertion follows from Theorem 1.9. The last asser- 
tion follows from [19, Corollary 4.61. 0 
Corollary 3.6. Assume that R is elliptic. Then 
(1) Either emb(R) = e(R) + 1 or emb(R) = e(R) and m is normal. In thefirst case, 
l(m”/m”+‘) = e(R)n + 1 ,for any n 2 0, while in the second case, we have 
l(~~?‘/m”+~) = e(R)nfor any n 2 0. 
(2) Zf R is a minimally elliptic singularity which is not a quadratic hypersurface, then 
we have emb(R) = e(R). 
Proof. (1) If emb(R) # e(R) + 1, then m is not stable. Hence emb(R) = e(R) and m is 
normal by Theorem 3.5. The second assertion follows from [15, Theorem 3.41. 
(2) follows from the fact that if R is Gorenstein and emb(R) = e(R) + 1, then 
e(R) I 2 (cf. [15, Theorem 3.6(l)]. 0 
Corollary 3.7. Zf R is elliptic and G(Z) is Cohen-Macaulay, then 6(Z) I 2. 
Proof. Since G(Z) is Cohen-Macaulay, we have 6(Z) I S(r) I 2 by Theorem 3.5 and 
Lemma 0.1. 0 
Theorem 3.8. Assume that p,(R) = 2. Then 
(1) For any m-primary ideal which is not stable, the graded ring G(Z) = 
0 nzo In/Z n’ ’ is Cohen-Macaulay. Zf Z and Z2 is integrally closed, then Z is normal and 
G(Z) is Cohen-Macaulay. 
(2) Zf R is Gorenstein, then either e(R) = 2 or emb(R) = e(R) and G(m) is Gorenstein. 
Proof. (1) If&(Z) I 1, then gs(Z) = g,,(Z) = 1 and G(Z) = G(Z) is Cohen-Macaulay by 
Theorem 1.1. Assume that &(Z) 2 2. Then 2 5 ds(Z) 5 g(Z) I p,(R) = 2 and we have 
pa(Z) = g(Z) - &(I) = 0. Hence by [18, p. 13731 G(Z) is Cohen-Macaulay. Moreover, 
if J is a minimal reduction of I, then JF = I”’ ’ for any n 2 2. Therefore Z is normal if 
Z and Z2 is integrally closed. 
(2) Since g,(R) I p,(R) = 2, the assertion follows from Proposition 1.10 and [15, 
Theorem 3.61. 0 
Theorem 3.9. Assume that R is Gorenstein and p,(R) = 3. Then 
(1) G(m) is Cohen-Macaulay. 
(2) G(m) is Gorenstein if and only if either R is a quadratic hypersurfuce, a quartic 
hypersurface, or emb(R) = e(R). 
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Proof. If gd(R) I 1, then G(m) is Gorenstein (cf. [15, Theorem 3.61). If gd(R) = 2, 
then G(m) is Cohen-Macaulay, and G(m) is Gorenstein if and only if R is a 
quartic hypersurface by [15, Theorem 3.6(4)]. If gd(R) 2 3, then 3 5 gd(R) I 
g,(R) I p,(R) = 3. Hence g,(R) = gn(R) = 3, and we get 6(m) = 2, which contradicts 
[15, Theorem 3.61. 0 
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